LECTURE 10— Kronig Penney Model
1.12 Kronig-Penney M odel
Consider the following idealized crystal potential:

We assume E <V,

V(X)
A lattice constant=a+b=c
Vo
>
-b 0 a atb X
forOsx<a
d’p  2m
—+—FEyp=0
dx? h? v
and
Y = Asinax+B cosax ((jj—w:Aacosax—Basinax a= Z;nE
X ,

andfor -b<x<0:;

dy , 2m

N (E-Vo)y=0

Solution is periodic, barrier of limited thickness - solution does not continue decaying to
zero. There is tunneling between wells.

P = C sinh (yx) + D cosh (yx) z—‘i = Cycoshfx) + Dysinh(yx)

_2m(V, -E)

- h

) must be continuousat x =0, so B =D.
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Also, ccii_(,b must be continuousat x =0, so Aa =Cy or C=(a/y)A
X

From Bloch’s theorem (Periodic potential)
W(x) = Upge™

and _
W(a) = e y(-h)

d_LIJ| :ejk(a+b)d_lp|
dx ' dx '™

Therefore

Asinaa+ Bcosaa = e*®" (A sinh(-yb) + Bsinh(-yb))

A %in(ac) + gejk(a+b) Slnh(yb) ﬁ_'_ B[COS@C) _ eik(a+b) COSh@b)] =0
Y

(42)
and

Aa[cos(xc) — k@) cosh@b)J+ Bl— asin(ac) + ye @) sinh(yb)J =0 (43)

Equations (42) and (43) have anon-trivia solution (i.e. a solution other than A=B=0 only
if

2 2

yz;}c/r sin(ac) sinh()b) + cosc) coshfb) = cosk(b + c)) (44)

At this point it is convenient to consider the specia case in which b->0 and V-> infinity
(makes things alittle simpler — no problem for E>V, transition) while the product Vb
remains constant.

Vo

rr1rtr

Delta Function Potentid

Lecture 10 Kronig Penny Model 10/12/00 2



Letting P = (mVbc)/H?, (44) becomes

P .
%sm(ac) + coso) _ coskc)

(term 1) (term 2)

This can be solved graphically. Solutions for P = 3172 (corresponding to a high barrier)

are shown below. Weplot (1) and (2) as function of ac.

P o

BN )

i‘ulsl

_g--

We can only have a Solution for this when

Esin(crc) +cos@c) <1
ac

{4

and as cos(kc) < 1 always we have avalid solution for ranges of ac which impliesavalid

solution for particular energy regions.
E
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We therefore find there are a’s for which there is no valid K. As Z;l— a’

2

m

This means there are disallowed regions of energy, i.e., energy gaps.

Energies and wave functionsfor electronsin crystal (periodic potential V(x))

a) Isolated Potential well

A EV(x)

’ X

- only discrete energies E alowed
- wave functions are standing waves

b) Free Electrons w(x) = cd**
- plane wave solutions
hk?
- any energy allowed: E=
2m
- Parabolic E versus k
E

W(xt) = cd®
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¢) Periodic Potential
* E,V(X)

#\H/\H/\F Energy bands

> X

- ability of electronsto tunnel between barrier walls spreads out the discrete energy levels
seen for isolated wells into bands

- We fine a number of bands of energies are allowed.
- We haverestricted K values: (-7i/a<k<r7/a)

- The wave functions are Block waves: i(x) = Uk(x)Cei hx
W, (x,t)=U, (x)e® ) - which is modulated travelling wave
- Waves functions act like free electrons (almost)

Simplified energy diagram:

alowed alowed
band band
forbidden {
alowed | gap
band {\
' k
- Ta 0 a 101 K

General results from Kronig-Penney mode!:

- if potential barrier between wellsis strong, energy bands are narrowed and spaced far
apart

(Corresponds to crystalsin which electrons are tightly bond to ion cores, and
wavefunctions do not overlap much with adjacent cores. Also true for lowest energy
bands)

- if potential barrier between wellsis weak, energy bands are wide and spaced close

together (thisistypically situation for metals with weakly bond electrons — e.g. alkali
metals. Herethe “nearly free” electron model works well.)

Lecture 10 Kronig Penny Model 10/12/00 5



