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6.1. Introduction to Tunneling

Tunneling is a distinct phenomenon in QM. Suppose we have an elec-
tron in a voltage barrier as shown in figure 1. Classically the electrons
traveling with kinetic energy £ < V{ will be reflected when they hit
the barrier but they will pass the barrier if £ > V. In QM we deal

with this problem by solving the Schrodinger equation, as is explained
in the following sections.
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Figure 1. a) Electron movement in a voltage barrier. b) Potential
hill and classical and QM transmission.

6.2. Simple Approach

enTrgy

—.,X

Vo (barrier height)

: |

The SE equation for this is described by:

ﬂii‘f im outside barrier (V = 0)
d’ Y. 2’" inside barrier (V = Vo)

dx’
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Suppose E < V, classical physics predicts that the electron can not penetrate the barrier.

The electron (particle) would be described to be entirely reflected back from the barrier
(at x=0) if its kinetic energy is smaller than V.

What does quantum mechanics predict?

1) For x <0, V(x) = 0 and the solution is same as for free electrons:
P(x)=Ae™ + Be ™
We can view this solution as sum of two travelling waves:

m Tluém' (xar)=Aej(h_M)

Reflected . (x,t)=Be /™™

refl

n\dy
2) forO<x <1, -— —+Vy=E
) forO0<x<L [ 2m]dx~ W =Ey

dhy . 2m
dx?. h?.

(E-V, )y =0

Since E < Vo we rearrange the previous equation as

J2m(V, - E
Y 2 b0 anddefine o= 32m0e=E)
FEED n

so that
@ a’y =0

dx>
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Solution:

P(x)=Ce™ +De™™ (26)

Y(x,t)=Ce“e ™ + De e " 2N
Exponential damped solution!

Assume forward transmission (single travelling wave past barrier)
3) Forx>L, y(x)=Fe*™ vy, =Fe'™

We now need to find A, B, C, D,F. We assume that y(x) and %p are continuous at

x =0and x = L. (Assumption of conservation of matter)
Wehaveatx =0: A+B=C+D and jkA-kB=aC- oD
and at x = L: Ce™t + De™ = Fe/*t and jkFe/™ =aCe™ - aDe

which gives a set of linear equations in A, B, C, D, F

4jkaAe'jkL
_r S 29
o 7o @@= ye=] )

2

} F
solution: —
A

Define a transmission coefficient =

(30)

and we find there is a non- zero probability of an electron penetrating barrier!

Suppose L is large (this is frequently the case)

Consider solution inside barrier ¥ (x)=Ce™ + De ™

where Ce™” is the part of the solution that blows up as x increases. .. not physically
possible, so C=0.

oo P(x) =De™

2al

.. probability of electrons penetrating barrier ~ e (3D
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Vix)
Decaying
exponential
= e e SO NN
x
Incident wave  Potential Transmitted wave
function barrier function

From this analysis we can conclude that a particle approaching a potential barrier of finite
thickness and height has a certain probability of penetrating the barrier and appearing on
the other side, even though this may be energetically forbidden on a classical basis. The
wave function is attenuated within the barrier, and if the barrier is very high or quite
thick, the attenuation becomes very strong and the probability of penetration becomes
extremely small.

What if barrier is not constant in height? (i.e. not a “square” barrier)

V(x)

We can imagine complete barriers subdivided into many small sections of length dx

V2m(V(x) - E)

i1

ox)dx

probability of getting through section = e where o(x)=

probability of getting through entire barrier ~ = ¢ 2*(")% . g 2a(xidn .

—2:2mL[(V(x)-E)'"*dx
~ h (32)
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6.3. Transmission using Potential step and T ma-
trices

A powerful way of modeling tunneling is using T matrices. The easiest
analysis is a simple step in the potential. In this case we have a constant
potential in both regions. Suppose that we have an upward potential
step at z = 0 where potential jumps to V) at z = 0, as shown in figure 2.
Classically the electrons traveling with energy £ < V, will be reflected

EIETEY

] S S ST G S S g

-lr_-.ZZ-

Region 1 Hegion 2
E=1 r=>\

S

Figure 2. Step Barrier

when they hit the barrier but they will pass the barrier if £ > V4.

The QM description of electrons in a region of constant potential is
a simple plane wave (at least if the energy of the electron is greater then
the potential). We can identify three expected waves . An incoming
wave in region 1 moving towards the barrier. A reflected wave moving
in region 1 to the left and transmitted wave moving to the right in re-
gion 2. The incoming wave in z < 0 1is exp(ik,z) where ky = V2mE/h.
The outgoing waves are

e the reflected wave: rexp(—iky,z) where ky = vV2mE/h
e the transmitted wave:  texp(ikez) where ko = \/2m(E — Vp)/h

Note that r and ¢ are called reflection and transmission amplitudes and
in general can be complex. Initally we assume that £ > V; and so ks
is real (we will relax this condition later) and all the waves propagate
(to be general we included a 4th which is moving in region 2 from right
to left).

W(z) = { Aexp(ik1z) + Bexp(—ikiz), 2<0 } (6.1)

Cexp(ikez) + D exp(—ikq2), z>0
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The wave function and its derivative must be continues at z = 0 so we
have

A+B = C+D
k(A — B) = ko(C — D) (6.2)

We can find the waves in right in terms of the waves in left as below:
1 1
1 1

D = 5(1 — ki /k)A + 5(1 + k1/k9)B (6.3)

By substituting A = 1 (arbitrary assignment of the incident electron
flux), B=r, C =t and D = 0 (as we expect no electrons traveling to
the left in region 2) we have:

.2k
kit ke
k1 — ko
— 6.4
T T Mtk (6:4)

6.3.1. Density of currents

As we are interested in the flow of electrons i.e. the current we need an
expression for the current density. Quantum Mechanics tells us that
the current density is calculated for a given wave ¢(x) = Fexp(ikz)
by

1. . D p
J = [ (£ Loy 6.5
2y + Ly (6.5)
where p = —ih% andE:h;’f. So we have
1. e, —ih d(Fet) —ih d(Fet®) ,
— _szx_— B ALY 2 ik
J 2[6<m dx )+(m dx ) Fe]
1 .|F|>hk  |F|*hk
=3l T
hk
= |F|*— 6.6
P (6.6

So we can conclude

e for the incident wave exp(ik;z) the current density is fik 1|2 /m.
e for the reflected wave r exp(—ik; 2) the current density is hk|r|?/m
e for the transmitted wave texp(ikoz) the current density is

hkat|2/m
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From here from can obtain the transmission and reflection coefficients
which are defined as the the ratio of currents as below:

hk2|t\2/m B @| |2 . 41{'1]{2

T - -
hk‘1|/m kl k1+k2
ﬁk1|7’|2/m_ 2 ]{?1—]{?2 2

B pem = G g (6.7)

An important check is that 7" and R must satisfy 7'+ R = 1, because
every incident particle must be reflected or transmitted (conservation
of particles).

For the other case where ' < Vi, ky will be imaginary so the
waves in right hand side are real (typically decaying) exponentials with
wave number ko = /2m(Vy — E)/h i.e. ky = iky. These decaying
(non propagating waves) we call evanescent waves. We know that an
evanescent (decaying) wave does not carry current. So in this case we
have T'=0 and R = 1.

Classically the transmission would be T" =1 for all energies higher
than the step but in quantum mechanics 7' — 1 only for high energies.
For E < V[ both the classical and quantum mechanical result in 7" = 0.

6.4. T matrix

The above solution was for a single step. It can be written in useful
way using a matrix. The T matrix can be used to simply analyse a
sequence of step transitions and form more complicated barriers.

The relation we found in 6.3 can be rewritten in matrix from as

(5)=r(3)=(% &)(5) o

The reflection and transmission coefficients can be obtained from the

T matrix.
t . Tll T12 1
(o) =(2 %)) 69
So we have
Ty T T — ThoTy
T5 T5 ( )

The T matrix for the step potential above for £ > V| considering
equations 6.3 is given by

1 ((ko+ki ko—Fk
(21) - 2 1 2 1 _
g 2@(@_m @+h)—ﬂ@my (6.11)
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If B < Vi we have kg = iko.

In the above we had assumed that the step is at the origin (z = 0).
A more flexible formulation is if we apply potential at z = d. We then
need to fix T matrix as below.

e—ik‘zd 0 eik‘ld 0
0= (7" e ) 7O (G ) 612

(&

Note that if in equation 6.12, the wave numbers in both sides are equal
then we will have T'(d) = A~1(d)T(0)A(d).

The formulation of T matrix in equation 6.8, allows us to simply
multiply the T matrices for complex barriers in one dimension as follows
(for example see figure 3):

A C E
] —— —_—
B D F
regean 1 T regiion 2 - rogpion J

Figure 3. waves in three Region

EN_ e C\_reypen( A _ ey A
<F>_T <D — 76 o )=T 5 ) (613)

where
731 _ p(32) p(21) (6.14)

6.5. Square Barrier

Consider the potential barrier as shown in figure 4.

enTrg}:

“TTTTT Vo (bamer height)

‘

.*E

0 L
Figure 4. Potential Energy Barrier
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(a) Shift the barrier so it is centered at the origin with a = L/2
and we have,
W —a/2 < z < a2
Viz) _{ 0 elsewhere } (6.15)
(b) E <V
(c) the potentials at regions 1 and 3 are zero so k; = ks
(d) for the upward step (region 1 to 2) we need a translation of
d = —a/2 and for the downward step (region 2 to 3) we need
as translation of d = a/2.
(e) The expect solution would have the form shown in Fig. 5 with
incoming, reflected and transmitted waves and a evanescent

wave in the barrier. We could get the exact solution by solving
the SCE.

Incident wave  Potential Transmitted wave
function barrier function

Figure 5. Square Barrier Solution

However, if we are interested in the reflection/transmission be-
haviour of the barrier we can simply use the T matrix. Considering
the mentioned points we have the T matrix as follows

e—ikla/Q 0 eikza/Z 0
T= ( 0 eik1a/2 T(klak?) 0 e—ik2a/2

eikza/Q 0 6—ik1a/2 0
X < 0 e—ikga/2 T(k27 kl) 0 6ik1a/2 (616)
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Using definition 6.11 we have:

T 1 e—’ik‘1a/2 O
- 2]{;1]{;2 0 e’ikla/2 X

2k1 ks cos koa + i (k3 + k3) sin kea —i(k} — k32) sin kya y
Z(kﬁ% — 1{7%) sin /{Zga 21{?11{32 COS I{ZQCL - Z(l{?% + l{?%) sin ]{ZQCL
e—ikla/Q 0
( 0 eikla/Z ) (617)

We see that the middle part is a function of the width of the barrier
and is does not depend on the location of origin. However the phase
factors on the sides are dependent on the location of the origin.
Using definition in 6.10 and some mathematical operations we will
have:

2]{71 ]{?2 G_ikla
 2k1ko cos koa — i(k? 4 k2) sin kya

where as we know, k; = v2mE/h and ky = /2m(E — V,)/h, so the

flux coefficient is as follows (illustrated in figure next page (Fig 5.6
pl57)).

t

(6.18)

T = |t|? Ak [1+ " in?kyal ™t for B>V
—_= = — ————— S1l a or
Ak2k2 — (k? — k2) sin® kqa AE(E — V) 2 0
(6.19)
for £ < Vj then we do ky = iks
4k3 K3 Vi
T =t = 2 = [l4 =" sin’ kpa] ' E <V,
g 4k? K% — (k? — K3)sin® kga [ 4E(Vo — E) sin” fza] for 0
(6.20)
for £ =V, we have
2
v
T(E=Vy) =t =[1+ 50" for E=Vp (6.21)
Notes:
e Classically for F < V, we have no transmission (" = 0).

But in quantum mechanics approach the particles can tun-
nel through the barrie however the probability of transmission
may be small, figure6

e (Classical for F > Vj we have T' = 1. But in quantum mechanics
transmission coefficient has a peak of 1 when we have sin kya =
0, figure 6.
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Figure 6. Transmission coefficient; Classical, QM

6.5.1. Not Constant barrier

In case of having a barrier which does not have a constant height as is
shown in figure 7, then we can imagine complete barriers subdivided

2m(V (z)—F)

into many small sections of length dz and k(z) = ; :

Vi=)

Figure 7. Not a Square barrier



TOM SMY, DEVICES MATERIALS AND PROPERTIES 15

6.6. Practical Examples
6.6.1. Field Emission Displays:

Concider figure 8. The screen can be controlled by controlling the
stream of electrons.

phosphorescent screen

b zlectrons

+V
J\ region of intense elecmic field

sharp sibcon o1 tungsten tp

Figure 8. Array of emitting tips for flat panel display

The electric field and potential energy are related by equation 6.22
—1d
g 1 (6.22)
q dx

and electron energy diagram is shown in figure 9

v

Eoamierd | T p—Electic field

Gl \
\ __ & Electron tunnels
> Energy of electron in tip Y il ”1|=_—

oy \‘\\*\_ =t

Figure 9. Electron Energy Diagram

6.6.2. Minimum Gate Oxide Thickness in MOSFET

When the gate oxide is very thin, a current can flow from gate to source
or drain by electron tunneling through the gate oxide. This effect limits
the thickness of the gate oxide as processes are scaled, see figures 10 and
11. The same effect is of great use in electrically programmable logic
devices, such as EAROM (Electrically Alterable Read Only Memory).
By controlling the control-gate, source, and drain voltages, the very
thin tunnel oxide between the floating gate and the drain of the device
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|rr+ polysalicon GATE | ‘/Ea[r oxide ‘ |

p silicon substrate silicon dioxide — 510

b
SOUHCE n;J [, n' deain \ 2—

Figure 10. mosfet structure

WVix)

+

Ehm:ﬂ
~3eV
encrgy of electron in gate

Tunneling

Figure 11. Electron Energybirrgtibbtiesteon in substrate

is used to allow electrons to "tunnel” to or from the floating gate to
turn the cell on or off respectively, see the structure shown in figure 12

control gate
inber poly oxide

turinel axide

floating gate

p-subsirate

Figure 12. Electron Energy in substrate

6.6.3. Cold fusion

We find that if deuterons can be brought close enough together they
will fuse.
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Figure 13. Cold Fusion



